
Non-destructive evaluation of 
plate-like concrete structures: 
elastic properties and thickness 
oskar baggens 

division of engineering geology | lund university

Lund University
Division of Engineering Geology

ISBN 978-91-7623-259-0 (print)
ISBN: 978-91-7623-260-6 (web/pdf)

ISRN LUTVDG/TVTG-1033)/1-93/2015

Printed by M
edia-Tryck, Lund U

niversity 2015

o
sk

a
r

 b
a

g
g

en
s 

 
N

on-destructive evaluation of plate-like concrete structures: elastic properties and thickness

Licentiate thesis





Non-destructive evaluation of

plate-like concrete structures:

elastic properties and thickness

Oskar Baggens,

Division of Engineering Geology,

Lund University, Sweden

oskar.baggens@tg.lth.se

ISBN: 978-91-7623-259-0 (print)

ISBN: 978-91-7623-260-6 (web/pdf)

ISRN LUTVDG/(TVTG-1033)/1-93/2015

☼2015-02-26 �08:44:31





Abstract

There exists an increased demand for techniques applicable for non-

destructive evaluation of concrete structures. The impact-echo method,

which is based on the evaluation of the structural response to a transient

impact is one available alternative. Typically, impact-echo measurements

are used to detect flaws in concrete structures by monitoring the relative

variation in the resonance frequency of the response. Another possible

application of the impact-echo method is material characterization. By

combining impact-echo with measurements of surface waves and the

theory of Lamb waves, material properties and thickness of plate-like

structures can be estimated. This thesis is focused on the study of this

approach for non-destructive material characterization.

Results from practical testing using the impact-echo method, as well

as the combined impact-echo and surface wave approach, indicate a

systematic error which underestimates the thickness. This systematic

error is studied in the first appended paper and found to be dependent on

the distance to the excitation source, i.e. a so-called near-field effect. A

major source of uncertainty contributing to the systematic error is related

to the estimation of the longitudinal wave velocity along the plate surface.

With motivation of the results presented in Paper I, an alternative

approach for estimation of Poisson’s ratio is proposed in the second

appended paper. The proposed approach is based on the evaluation of the

amplitude ratio of the surface normal and surface in-plane component of

the first symmetric zero-group velocity Lamb mode. Thus, this approach

is not dependent on an estimation of the longitudinal wave velocity

along the surface. Furthermore, the approach provides an estimation of

Poisson’s ratio which is representative through the entire plate thickness.

A practical field case shows an increased accuracy of the estimated

nominal plate thickness from this approach compared with the traditional

approach based on the longitudinal wave velocity.

i



ii



Sammanfattning

Det finns ett ökande behov avmetoder som kan användas för oförstörande

provning av betongkonstruktioner. Ett alternativ är metoden impact-echo

som bygger på utvärderingen av responsen hos en konstruktion efter ett

transient slag. Vanligtvis används impact-echo för att detektera skador

och avvikelser genom att den relativa variationen av resonansfrekvensen

hos konstruktionens respons studeras. Ett annat användningsområde för

impact-echo är bestämning av materialegenskaper. Genom att kombinera

impact-echo med mätningar av ytvågor och teori för Lamb vågor är

det möjligt att bestämma materialegenskaper och tjockleken hos platt-

liknande konstruktioner. Den här licentiatuppsatsen fokuserar på denna

typ av metod för oförstörande bestämning av materialegenskaper.

Resultat från mätningar med impact-echo indikerar ett systematiskt

fel som underskattar tjockleken. Det gäller även när impact-echo kombi-

neras med mätning av ytvågor. Detta systematiska fel undersöks i den

första bifogade artikeln. Felet visar sig bero på avståndet till punktkällan

(t.ex. hammarslaget), dvs. en så kallad närfältseffekt. En osäker uppmätt

kompressionsvågshastig längs med ytan på plattan är en bidragande

orsak till det systematiska felet.

Mot bakgrund av osäkerheten i den uppmätta kompressionsvågshas-

tigheten föreslås i den andra bifogade artikeln en alternativ metod för

bedömning av Poisson’s tal. Metoden bygger på en utvärdering av kvoten

mellan den mot ytan vinkelräta och parallella amplituden hos den första

symmetriska Lamb moden med grupphastighet lika med noll. Kompres-

sionsvågshastigheten längs plattans yta behöver därmed inte mätas.

Dessutom fås en uppskattning av Poisson’s tal som är representativ för

hela tjockleken av plattan. I en demonstrerad praktisk mätning fås en

förbättrad uppskattning av den nominella tjockleken av plattan med

den här metoden, jämfört med den traditionella metoden baserad på en

kompressionsvågshastighet.
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Overview of work
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Chapter 1
Introduction

This chapters presents general information about non-destructive techniques, motivation

of work, aim and objective, and a summary of the appended papers.

Non-destructive testing (NDT) is a general term which refers to the task

of evaluating some sort of property without introducing any permanent

damage on the studied object (Shull, 2002). The property of interest

can for example be a mechanical material parameter such as acoustic

velocity, and the object can for example be a pavement (Ryden et al.,

2004). Other examples are identification of defects and flaws in pipelines

(Lowe et al., 1998) and composite materials (Castaings et al., 1998). NDT

methods are also very common used in medicine, e.g. in the form of

ultrasonic and radiography.

Although NDT methods can be very complicated and sophisticated,

both from a measurement and evaluation point of view, it is still possible

to find simple examples of the basic principles of NDT in our everyday

life. A typical and intuitive example is the "tap and listen" principle.

Everyone has probably sometime tapped at a object (e.g. a table-top) to

find out what type of material it is made of (e.g. stone, massive wood, or

plastic). In fact, this type of very simple principle forms the basis for the

impact-echo method (Sansalone and Streett, 1997), which can be used to

study concrete structures.

Non-destructive techniques are important from a number of different
perspectives such as optimization of resources for manufacturing, quality

control, condition and damage assessment, etc. Information and results

obtained using NDT techniques can be used to plan maintenance, esti-

mate safety status, predict structural lifetime, and also serve as a pay

factor. Non-destructive testing techniques can off course not provide
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all information about an object, and neither detect all possible defects.

One should therefore consider NDT techniques as a complement, not a

replacement, to destructive techniques which in some cases may be the

only option.

A sound way of thinking about non-destructive methods is to con-

sider all techniques as tools. Typically, a craft man needs several different
tools in his or her work, since the tools are designed for different purposes.
In the same manner, a NDT technician needs different non-destructive

techniques in his or her work. In other words it should be noted that there

is no such thing as a one method which can measure everything.

1.1 Non-destructive testing of concrete structures

There exist a vast number of different non-destructive techniques which

are applicable for testing of concrete structures. Some typical tasks for

the techniques are: determining location of reinforcement bars, detecting

cracks and voids, measuring thickness, estimating material properties.

Another important task is inspection of internal steel parts, such as

reinforcement bars or cable ducts, to detect early stages of corrosion.

Based on the task in focus, a selection of the appropriate method or

combination of methods has to be made. This selection is in some sense a

choice of which physical principle that is most relevant for the task.

The following section will present some different non-destructive tech-

niques organized with respect to their used physical principles. The

presentation will mainly focus on electromagnetic and acoustic methods,

since these are the most widely used techniques for concrete applications,

and considered most relevant for the background of this thesis. Note that

other non-destructive techniques, e.g. thermography, image analysis etc.,

also exist. However, it goes outside the scoop of this thesis to cover all

possible non-destructive methods available for concrete structures. For a

more detailed review of non-destructive techniques available for concrete

material and structures, please refer to e.g. Malhotra and Carino (2004).

1.2 Electromagnetic methods

Electromagnetic radiation has a wide range of different applications.

Non-destructive testing is one application. Two main families of non-

destructive test methods based on electromagnetic waves are radiogra-

phy and radar. The main difference between these two methods is the fre-

quency or wavelength used. Typically, radiography uses short wavelengths

(high frequencies) whereas radar uses long wavelengths (low frequencies).
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Figure 1.1: Electromagnetic spectrum. Original figure by Inductiveload (li-

censed under CC BY-SA 3.0)

Figure 1.1 shows an illustration of the electromagnetic spectrum. It can be

observed that the visible light only represents a small portion of the spec-

trum.

1.2.1 Radiography

Radiography is often associated with machines used in hospitals or at

the dentist. However, radiography is a general non-destructive tech-

nique applicable for many structures. In fact, radiography is the only

non-destructive technique which is applicable to any possible material

(Shull, 2002). Non-destructive testing of concrete structures using ra-

diography is commonly performed with mobile equipment: in most cases

it is not possible to move the structure to stationary equipment. Radio-

graphic techniques are suitable for detailed study of reinforcement bars,

cable duct status, void detection, i.e. in cases with many geometric details.

The equipment consists mainly of two parts: radiation source and

receiver, see Figure 1.2, which shows a mobile x-ray system. The source

sends a radiation beam towards the object of interest. From a simplified

point of view, the radiation source basically acts as a very strong light

bulb, sending a special kind of light which can pass through the object.

The material in the studied volume determines the amount of radiation

which passes through the object and reaches the receiver. The receiver

measures the amount of absorbed radiation. Figure 1.3 shows an example

of result obtained from a x-ray measurement.

Practical use of radiography needs two sided access of the object, and the

equipment can be expensive. Furthermore, the actual measurement may

require long exposure time (depending on thickness), and the radiation

5



Figure 1.2: Mobile radiographic x-ray system "Betatron". Original figure

presented by Shaw et al. (2004).

Figure 1.3: Example of image from x-ray measurement of concrete. Re-

inforcement bars are clearly visible as white/light stripes. Original figure

presented by Shaw et al. (2004).
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Figure 1.4: Principle sketch of radiography using gamma radiation ("per-

manent" radiation source). Original figure presented by Malhotra and

Carino (2004)

can also be dangerous to humans. For these reasons, radiography is

mainly used for point wise inspection of complicated objects when an

exact and precise non-destructive evaluation is needed, or under circum-

stances where other methods may not be applicable.

Two radiation types which can be used in radiographic measurements

are gamma radiation and x-rays. Gamma radiation is generated by

radioactive isotopes, e.g. Iridium or Cobalt. These isotopes are referred to

as "permanent" radiation sources, and are suitable for concrete structure

with a thickness up to about 0.3 m (Iridium) and 0.6 m (Cobalt) (Shaw

et al., 2004). Figure 1.4 shows an example of measurement using gamma

radiation. An alternative to gamma radiation is x-rays which can be used

up to thickness of about 1.5 m (Shaw et al., 2004). X-rays are created

when electrons which are accelerated to a high energy strike against a

metallic object. Figure 1.2 shows an example of measurement set-up

using x-rays.

1.2.2 Short-pulse radar

Radar, which is an acronym for radio detection and ranging, is a technique

based on the concept of sending electromagnetic pulses and analyzing

received echoes. The echoes are generated when the electromagnetic

wave reach an object with different dielectric constant (e.g. a steel part

of an aircraft flying in the sky). Radar techniques are nowadays used in a

wide range of applications.

The radar technique is also applicable for concrete structures, where

frequencies around 500-3000 MHz are commonly used (Shaw et al.,
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Figure 1.5: Example of mobile radar equipment used for measurement of

concrete structure. Original figure presented by Lai et al. (2011).

2004). An example of mobile radar equipment is shown in Figure 1.5.

The basic principle and an example of a received radar signal are shown

in Figure 1.6. The antenna sends an electromagnetic pulse towards the

concrete plate. Due to change in dielectric constant (or "electromangetic

impedance") reflections will occur. The antenna receives these reflections,

and analyzes them with respect of amplitude and time delay. Radar is

suitable for estimation of the location of reinforcement bars and cable

ducts. Under favorable conditions (dry concrete) it is possible to detect

reinforcement bars and cable ducts up to a distance of about 0.25-0.5

m from the surface (Shaw et al., 2004). Voids filled with air or water can

also be detected using radar. The reflection from the back wall of e.g.

a concrete plate create can be used to estimate relative thickness. For

an exact estimation of thickness, a calibration or a known propagation

velocity is needed.

Radar measurements can be performed very rapidly, which make the

technique very suitable for creating images representing a cross section

or volume of the object. An example of a measurement of such cross

section and corresponding evaluation is shown in Figure 1.7.
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Figure 1.6: Sketch of principle for radar applied on a concrete deck (top

part of figure), and simplified received signal (bottom part of figure). Orig-

inal figure presented by Malhotra and Carino (2004)
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Figure 1.7: Example of imaging using radar on concrete. Original figure

presented by Maierhofer (2003).
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1.3 Acoustic methods

The term acoustic methods refer to techniques which are using mechan-

ical wave propagation, i.e. "sound waves". Several techniques can be re-

garded as acoustic methods. Although the techniques are specialized and

somewhat different, they are all using the same fundamental principle: the

structural response/behavior (i.e. "sound") is dependent on the objects

mechanical and geometric properties. By analyzing the response e.g. in

the form of mechanical waves it is possible to extract information about

the properties such as stiffness and dimensions of the structure.

1.3.1 Acoustic emission

Everyone has probably sometime noticed a cracking sound from e.g. a

tree board under heavy load. The study of this type of sound generated

by mechanical stress is the main idea of the acoustic emission technique.

However, a permanent irreversible damage of the structure may have

occurred when the sound was emitted, and from that point of view,

acoustic emission is not always a truly non-destructive method. On the

other hand, it is not necessarily the case that the ultimate limit state of

the structure has been affected, even though a permanent damage may

have occurred.

Although the basic principle of acoustic emission is very simple, the

practical implementations are often extremely complicated. This is partly

due to the fact that the mechanics of the "input force" (e.g. initiation of a

crack) are in most cases unknown, or very complicated to describe. The

interpretation of the observed "sound" may also be further complicated by

the characteristics of the wave propagation in the structure (e.g. guided

wave modes etc.).

Despite the difficulties of practical implementations of the acoustic

emission technique, the benefits are often emphasized. Under the right

circumstances it is possible to monitor a large partition of the structure.

Thus, acoustic emission is often considered as a suitable option for struc-

tural health monitoring (SHM), which can be described as a permanently

installed non-destructive technique performed continuously over time, i.e.

monitoring.

1.3.2 Ultrasonic

The basic principle of ultrasonic techniques is more or less the same as

for radar: a wave pulse is transmitted and the received signal is analyzed

with respect to travel time and echoes. However, a main difference is

11



Figure 1.8: Measurement principle of pitch-catch technique (a), and pulse-

echo technique. Original figure presented by Shull (2002).

that ultrasonic is based on mechanical wave propagation instead of

electromagnetic wave propagation. Reflections are created when the

propagating wave is influenced by changing material impedance (product

of wave velocity and density), e.g. when the wave reaches a reinforcement

bar. The time-delay of the echo indicate the location or origin of the

impedance contrast.

Two main types of measurement set-ups for ultrasonic testing are

the pitch-catch technique and the pulse echo technique. Figure 1.8 illus-

trates the principle of these two techniques. The pitch-catch technique

is suitable for measuring the travel time i.e. velocity of the transmitted

pulse. The pulse-echo technique is suitable for flaw detection, and is the

only option if only one side of the structure is accessible.

Ultrasonic measurements are mainly using bulk waves. Two type of bulk

waves exist in solid materials: the compression or longitudinal wave, and

the shear or transversal wave. If the ultrasonic measurement is performed

using wave propagation along the surface of an object, it is also possible

to use Rayleigh waves or guided waves. Rayleigh waves are superposition

of longitudinal waves and transversal waves, and exist due to the traction

free boundary condition at the surface. Ultrasonic measurements are

12



Figure 1.9: Example of measurement technique to create an image of a

section of for example a concrete plate. Original figure presented by Shok-

ouhi et al. (2014).

usually performed using frequencies in the interval 20 kHz to 500 kHz

(Malhotra and Carino, 2004).

Ultrasonic measurements applied to concrete structures can be used to

detect flaws, locate reinforcement bars, and measure thickness. Practical

measurement is often performed as a continuous scan along a line,

see Figure 1.9. Thus, it is possible to create an image representing the

studied cross section, see Figure 1.10, where darker areas represents

reflections/echoes with high relative amplitude (i.e. indicate a variation of

impedance).

Depending on the wavelength (frequency) of the used pulse, the ultrasonic

wave may be influenced by the heterogeneity of concrete. In fact, concrete

consists of different materials: aggregate, binder (cement), and additives.

This mixture of materials with different mechanical properties can disturb

the ultrasonic wave, if the used wavelength is of the approximate same

dimensions as the aggregates. Furthermore, the attenuation of ultrasonic

waves is high in concrete. These two factors lead to several difficulties

of using ultrasonic techniques on concrete , especially if the structure is

thick and heavily reinforced.

1.3.3 Guided waves and Lamb waves

Pure bulk waves exists in infinite solid structures which have no bound-

aries. They can also exist in structures which can be considered as infinite

compared to the wavelength of waves, i.e. they are approximated as

infinite. However, when the wavelength becomes longer the influence from

the structural boundaries will increase. At some point, the wavelength will

13



Figure 1.10: Example of result obtained from ultrasonic imaging measure-

ment. Left part of figure shows cross-section with reinforcement, and right

part of figure shows corresponding imaging results. Original figure pre-

sented by Shokouhi et al. (2014).
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Figure 1.11: Difference between ultrasonic testing and guided wave test-

ing. By using longer wavelengths, which become guided by the dimensions

of the object, it is possible to increase the inspection range. Original figure

by Sprialboy (licensed under CC BY-SA 3.0)

clearly be determined and affected by the boundaries of the structure. In

such case, we have a guided wave, meaning that the actual wave is guided

or defined by the structural boundaries. If the object is a plate, the wave is

often referred to as a Lamb wave.

On one hand, guided waves can propagate over long distances, and

for this reason, they are often used in non-destructive testing of objects

where a long inspection range is of interest, e.g. testing of pipelines (Lowe

et al., 1998). On the other hand, an increased inspection range often

means that the resolution gradually decreases. Owing to this, guided

wave testing does not replace local inspection techniques using e.g.

ultrasonics, instead it is a complement which can for example be used to

identify approximately where a flaw may exist. More locally performed

measurements, for example by local ultrasonic testing, can thereafter

be used to characterize the details of the possible flaw. A very simple

comparison between ultrasonic testing and guided wave testing is shown

in Figure 1.11.

Guided waves can be used as a non-destructive technique for concrete

structures. Typically, the Lamb wave interpretation of a plate is used. One

example of a method based on Lamb waves is the impact-echo method

(Sansalone and Streett, 1997; Gibson and Popovics, 2005). An illustration

of a practical impact-echo measurement combined with the utilized Lamb

mode is shown in Figure 1.12. If the impact-echo method is combined with

15



Figure 1.12: Impact-echo type of measurement using a hammer and an

accelerometer. The first symmetric Lamb mode associated with the mea-

surement is shown.

measurements of surface waves it is possible to estimate elastic material

parameters (e.g. Young’s modulus and Poisson’s ratio) and thickness

of plate-like concrete structures (Ryden et al., 2004). Impact-echo and

similar techniques are particularly well suited for measurements on

thick concrete structures, since the used wavelength is not influenced by

scattering in the same way as for ultrasonic waves.

1.4 Motivation of work

Quantitative estimation of mechanical properties and thickness of con-

crete structures is important from a number of perspectives. It can for

example serve as a verification of material quality, be used to monitor

hardening, and can constitute important information in combined analysis

such as data fusion, where different non-destructive techniques are

evaluated simultaneously. The need for quantitative estimation of me-

chanical properties is predicted to increase in the future, for example due

to demands stated by authorities working with safety issues concerning

nuclear power plants.

Several activities are ongoing within the research topic of non-destructive

testing of concrete structures. Substantial effort is directed toward imag-

ing methods, i.e. measurement and processing techniques which create

a visual representation of the studied material volume. Radiography,

radar as well as ultrasonic techniques are particularly well suited for

this type of application. Typically, images are used to detect voids and

16



cracks, locate reinforcement bars, etc. However, images do commonly

visualize relative material variation of the volume, and are for this reason

not very well suited for the task of quantitative non-destructive material

characterization.

Ultrasonic techniques can be used to estimate acoustic wave veloc-

ities, which subsequently can be used to characterize the material.

However, depending on aggregate size, reinforcement bars and thickness

or dimensions of the object, ultrasonic measurements might be very

complicated to perform with sufficient accuracy. The material condition

associated with concrete, i.e. heterogeneity and high attenuation, is in

fact, quite the opposite of the ideal condition of homogeneous material

with low attenuation, e.g. steel. Thus, ultrasonic measurements on

concrete are most relevant in the case of testing of core specimens with

limited dimensions.

Evidently, there is a demand of non-destructive techniques, which

are not based on ultrasonic wave propagation, for material characteriza-

tion of concrete. Due to the nature of concrete materials it is clear that

there is a potential in "low frequency" measurements using guided waves.

This expected potential serve as a motivation for this PhD project to focus

on further studies of the possibilities within combined impact-echo and

surface wave measurements, i.e. approaches within the framework of

guided waves or Lamb waves.

1.5 Aim and objective

The aim of this thesis, which is part of a PhD project that will result

in a Doctoral thesis, is to study and develop techniques which can be

used for material and structural characterization of plate-like concrete

structures. The work is focused on a combined impact-echo and surface

wave measurement along with evaluation techniques based on the theory

of guided waves or Lamb waves.

The overall work within the PhD project is divided into the following

steps:

Step I

Study and evaluate the accuracy and reliability of existing tech-

niques.

Step II

Based on results from Step I, propose and develop new techniques.

17



1.6 Summary of appended papers

Paper I

O. Baggens and N. Ryden.

Systematic errors in Impact-Echo thickness estimation due to near field

effects. NDT & E International, 69:16-27, Jan. 2015. ISSN 09638695. doi:

10.1016/j.ndteint.2014.09.003.

A systematic error which underestimates the plate thickness in impact-

echo testing is studied. The study contains both numerical simulations

and a practical field case. The systematic error is found to be dependent

on the frequency of the pulse excitation, Poisson’s ratio, and length of the

measurement array. This type of error, which is dependent on distance to

the pulse excitation source, is commonly referred to as near field effects.
Numerical simulations indicate that the error due to near-field effects is

approximately within a range of 5-15%. Estimation of the longitudinal

wave velocity along the surface is found to be a major source of uncer-

tainty in thickness estimations from impact-echo testing. This finding

serves as a motivation for the work of developing alternative approaches

for estimation of Poisson’s ratio.

Paper II

O. Baggens and N. Ryden.

Poisson’s ratio from polarization of zero-group velocity Lamb mode.

Submitted for publication (Journal of the Acoustical Society of America).

2015.

A major conclusion from Paper I is that alternative approaches for

estimation of Poisson’s ratio is needed. For this reason, an alternative

approach based on the polarization of the first symmetric zero-group

velocity Lamb mode is proposed in Paper II. In this case, the polarization

is interpreted as the ratio of the absolute amplitudes of the surface

normal and surface in-plane components of the Lamb mode. A benefit

from this approach, which is not dependent on the longitudinal wave

velocity, is that an estimation of Poisson’s ratio representative through

the entire thickness of the plate is obtained. The proposed approach is

demonstrated in a practical field case, where an increased accuracy of

estimated nominal thickness is obtained compared with the conventional

approach based on the longitudinal wave velocity.
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Chapter 2
Related research

This chapter presents an overview of the related research within the field of

non-destrutive evaluation of plate-like conrete structures.

2.1 Impact-echo method

Efficient non-destructive material characterization is important from sev-

eral perspectives: e.g. quality control, maintenance, and safety (Maser,

2003; Deacon et al., 1997). The impact-echo method is one technique

which has been proposed for non-destructive testing of concrete struc-

tures (Sansalone and Streett, 1997; Sansalone, 1997). The method is also

standardized by the organization ASTM International (ASTM C 1383).

The following presentation will focus on the impact-echo method applied

on concrete plates. However, note that this is not the only application of

the impact-echo method. On the contrary, the general impact-echo type

of measurement and its related basic physical principle (i.e. the study of

a structural response) is not solely limited to plate-like structures. For

example, impact-echo has been proposed as a non-destructive tool for

structures such as columns, beams and pipes (Sansalone, 1997; Carino,

2001).

2.1.1 Assumed physical principle

The assumed physical principle of the impact-echomethod, as proposed by

Sansalone (1997), is shown in Figure 2.1. Figure 2.1 shows how a mechan-

ical wave generated by an impact at the top surface will travel in a con-

crete plate which either contains a flaw (top subfigure (a)) or no flaw (bot-

tom subfigure (b)). The same physical principle is also shown in Figure 2.2,
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Figure 2.1: Assumed physical principle of the impact-echo method, as pro-

posed by Sansalone (1997). The travel path for a mechanical wave is il-

lustrated for a plate including a flaw (a), and a plate without a flaw (b).

Original figure presented by Sansalone (1997).

which also shows an example of measurement equipment for impact-echo

measurements. Depending of the length the wave has to travel up and

down, see Figure 2.2, a variation in resonance frequency will occur. As a

result, a shift in resonance frequency indicates a possible flaw. This type

of measurement, where the relative shift of frequency is studied, is nowa-

days used on several concrete structures. The measurement is extremely

simple and fast, and it is thereby possible to cover large areas efficiently.

The ray path or "bouncing wave" behavior as shown in Figure 2.1-2.2 has

been suggested to be governed by the following empirical relation (Sansa-

lone, 1997):

F1 =
�CP

2d
(2.1)

where F1 is the frequency of the first transient mode (i.e. the "thickness

resonance"), � is a (correctional) factor describing the cross-sectional ge-

ometry, CP is the longitudinal wave velocity, and d is the thickness of the

object.
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Figure 2.2: Assumed physical principle of impact-echo and example of

measurement equipment. Original figure presented by Schubert and Köh-

ler (2008)

2.1.2 Underestimated thickness

Eq. 2.1 provides a possibility to measure the thickness d of the studied ob-

ject if F1, �, and CP are known. Typically, � is assumed depending of the

object geometry. For plates, � is suggested to be equal to 0.96 (Sansalone,

1997). Early studies using the impact-echo method report accuracies of

thickness estimation within 3 % (Sansalone and Streett, 1997). However,

studies with more significant deviations exist (Popovics et al., 2006, 2008;

Maser, 2003). In these studies the plate thickness is underestimated in 18

of 19 locations with a mean error of -8 %. Traditionally, this type of under-

estimated value of the thickness has been explained to be associated with

an improper selection of value for the � factor.

2.1.3 Relation to Lamb waves

An important contribution to the understanding of the impact-echo

method, and the empirical correctional factor � is given by Gibson and

Popovics (2005). They demonstrate that the theoretically exact � factor

is a function of Poisson’s ratio. Furthermore, they manifest that the

thickness resonance used in the impact-echo method corresponds to the

minimum frequency of the first symmetric Lamb mode (S1), see Figure 2.3

and Figure 1.12. The group velocity for the S1 Lamb mode is zero at this

minimum frequency, and for this reason, the mode is often abbreviated as

S1-ZGV.

Zero-group velocity (ZGV) Lamb modes (Kausel, 2012; Prada et al.,

2008) are used in other fields and applications which are not traditionally
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Figure 2.3: The impact-echo method employs the minimum frequency of

the first symmetric (S1) Lamb mode, as illustrated in this figure. At this

frequency, the group velocity is zero. Original figure presented by Gibson

and Popovics (2005).

related to non-destructive testing of concrete. Some interesting and fasci-

nating examples of applications are measurements of: acoustic bulk wave

velocities and Poisson’s ratio (Clorennec et al., 2007), thin-layer thickness

(Cès et al., 2011), hollow cylinders (Cès et al., 2012), interfacial bond

stiffness (Cheng et al., 2009), and air-coupled measurements (Holland

and Chimenti, 2003).

It is evident that a major difference exist between the interpretation

of the impact-echo method in Figure 2.1-2.2 and the Lamb wave inter-

pretation in Figure 2.3 and Figure 1.12. Even though the Lamb wave

interpretation nowadays is widely accepted, it is still not unusual to

encounter the "ray-path" interpretation of the impact-echo method. Thus,

the commonmisbelief which states that the impact-echo method is a point

wise measurement rather than a measurement that is influenced by a

major volume of the object (see Figure 2.3 and Figure 1.12) unfortunately

still exists.

In Lamb wave theory a laterally infinite isotropic plate is defined by three

independent parameters: e.g. the shear wave speed VS , Poisson’s ratio

�, and thickness h (Auld, 1990). In the case of measurements of an

unknown plate thickness, the frequency of the S1-ZGV mode (i.e. the

impact-echo frequency or the "thickness resonance frequency") must be

complemented with an estimation of velocity (e.g. longitudinal, shear

or Rayleigh), and Poisson’s ratio to obtain the best possible estimation

of the unknown thickness. In other words, non-destructive material
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characterization based on the Lamb wave theory assumption requires

that we have to measure at least three quantities, in order to characterize

the plate.

2.2 Impact-echo and surface wave analysis

As mentioned previously, three parameters define a plate in Lamb wave

theory. There exist different possibilities how these three parameters can

be obtained. A common approach is to combine impact-echo with mea-

surements of surface waves (Kim et al., 2006; Ryden and Park, 2006;

Barnes and Trottier, 2009; Popovics et al., 2008). Although variations ex-

ist between these proposed techniques, the main idea is still the same.

By use of relations which govern wave propagation and Lamb wave the-

ory, the plate parameters (velocity, Poisson’s ratio, and thickness) are ob-

tained. The following presentation will focus on some different ideas and

techniques which can possibly be used to solve this non-destructive char-

acterization task. Associated difficulties related to these approaches are

also presented.

2.2.1 Estimation of Poisson’s ratio

A commonly used technique to determine Poisson’s ratio is to measure the

velocities of longitudinal wave and the Rayleigh wave (Wu et al., 1995),

since the ratio between these two velocities is only dependent on Poisson’s

ratio. This technique is analog to determine Poisson’s ratio from the ratio

between the longitudinal wave velocity and shear wave velocity (Auld,

1990). It is clear that an accurate estimation of Poisson’s ratio from this

type of technique requires accurate estimations of velocities, and that the

two velocities are measured over the same material volume.

Poisson’s ratio can also be determined from the ratio between the

frequency of the S1-ZGV Lamb mode and the minimum frequency of the

second anti-symmetric Lamb mode (Clorennec et al., 2007). This ap-

proach has been demonstrated successfully for several thin homogenous

metal plates (Clorennec et al., 2007), but only a few measurements have

been reported for concrete plates (Gibson, 2004).

An alternative approach is based on the relation between the ampli-

tude ratio between the surface in-plane and surface normal components

of the Rayleigh wave (Bayon et al., 2005). However, to the author’s

knowledge, this approach has not been demonstrated on concrete plates.

The ratio between the frequency of the S1-ZGV Lamb mode and the

Rayleigh wave velocity can also be used to determine Poisson’s ratio, but
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this approach requires a known value of the thickness (Medina and Bayón,

2010).

2.2.2 Measurement of longitudinal wave velocity

The longitudinal wave velocity is usually estimated from the time taken

by the first arriving wave from a transient impact to travel between two

or multiple points separated by a known distance along the surface. A

possible source of uncertainty in this type of analysis is the identification

of a correct first arrival time. Unfortunately, identifying an accurate time

point for the first arriving wave is not a trivial task, the displacement

magnitude of the wave is typically very small.

Although the challenge of finding the first arriving wave, a commonly

used procedure is to identify the first value above a certain threshold, and

assume that this observed wave corresponds to a pure longitudinal wave.

An alternative approach, which may facilitate the identification of the first

arriving wave, is to study the trend of the measured signal instead of using

a threshold level (Popovics et al., 1998).

Another challenge with measurements of the longitudinal wave ve-

locity may occur if the material properties vary through the thickness. In

such cases, the measured longitudinal wave velocity along the surface

will be different from the longitudinal wave velocity measured through the

plate. Gibson (2004) observed a systematic variation of this kind where an

increased velocity was observed in measurements through the thickness

of the plate compared with velocities obtained from measurements along

the surface.

A material gradient with an increasing longitudinal wave velocity

with depth has also been observed by (Popovics et al., 2006; Hu et al.,

2006; Qixian and Bungey, 1996; Boyd and Ferraro, 2005). It has been

suggested that a material gradient may be caused by a concentration of

larger aggregates near the bottom of the slab during casting (Popovics

et al., 2006). For this reason, Popovics et al. (2006) proposed a correction

factor to compensate for the slower longitudinal wave velocity along the

surface.

An alternative to a measurement of the longitudinal wave velocity

from the first arriving wave, is to calculate the longitudinal wave velocity

from the Rayleigh wave velocity (Kim et al., 2006). However, this approach

requires an assumed or known value of Poisson’s ratio.
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2.2.3 Measurement of Rayleigh velocity

A simple technique to estimate the Rayleigh wave velocity is to study the

cross correlation of two signals separated by a known distance (Wu et al.,

1995). However, this technique may suffer from dispersion effects (Shin

et al., 2007), and for this reason, the use of a continuous wavelet trans-

form has been proposed. Another proposed approach for estimation of a

Rayleigh wave velocity is the spectral analysis of surface waves method,

SASW (Heisey et al., 1982). Recent approaches based onmultichannel dat-

sets (Ryden and Park, 2006; Barnes and Trottier, 2009) propose that the

Rayleigh wave velocity can be estimated from the asymptotic trend of the

fundamental Lamb modes in frequency-phase velocity domain (Park et al.,

1999).

2.2.4 Measurement of S1-ZGV frequency

Ideal condition for impact-echo measurements exists in plates with infinite

dimensions. In practical testing of concrete plates, this type of condition is

rarely found, and we have to accept that the infinite plate condition cannot

be fulfilled. As a consequence, the finite dimensions of the concrete plate

can complicate the identification of the corresponding S1-ZGV frequency,

since reflections of e.g. Rayleigh waves and other structural modes can

exist.

Time frequency analysis is one approach which can enhance the identifi-

cation of a correct S1-ZGV frequency (Abraham et al., 2000; Algernon and

Wiggenhauser, 2007). Typically, combined impact-echo and surface wave

measurements are based on multichannel recordings which are collected

along the plate. Thus, it is possible to take use of the spatial distribution

of the S1-ZGV mode. By summation of the signals in vicinity to the impact

source the S1-ZGV frequency can be enhanced (Ryden and Park, 2006;

Rydén, 2015). Another similar approach is based on a multiplication of

several amplitude spectrums from signals measured close to the impact

source (Medina and Garrido, 2007).

2.2.5 Uncertainties and issues

Several improvements have been proposed to the impact-echo method,

among them the very important connecting link to Lamb wave theory

(Gibson and Popovics, 2005). Thereby, from a Lamb wave point of view, it is

theoretically possible to determine the exact plate thickness. However, a

systematic error which underestimates the thickness in combined impact-

echo and surface wave measurements appears to exist, see Table 2.1.

Table 2.1 shows an underestimated thickness for the combined impact-

echo and surface wave analysis technique, as well as the conventional
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Test location Estimated thickness (mm) and relative error (%)

No Thickness (mm)
Impact-echo

(ASTM C1383)

Impact-echo and

surface wave analysis

(Lamb wave analysis)

1 256 - 252 (-2%)

2 263 - 244 (-7%)

3 246 243 (-1%) 242 (-2%)

4 261 195 (-25%) 237 (-9%)

5 337 293 (-13%) 309 (-8%)

6 281 268 (-5%) 254 (-10%)

7 239 224 (-6%) 223 (-7%)

Table 2.1: Estimated thickness from impact-echo and combined impact-

echo and surface wave analysis. Table created from data originally pre-

sented by Popovics et al. (2008).

impact-echo technique, in all test locations.

Baggens and Ryden (2015) reproduced this systematic error in numerical

simulations and also observed the error in a practical measurement. A

possible source to this systematic error is due to near-field effects caused
by cylindrical spreading of waves from a point source and interference of

different wave modes. Within the field of geophysics, near-field effects
have been observed and studied for half-spaces (Zywicki and Rix, 2005;

Roesset et al., 1990; Roesset, 1998; Bodet et al., 2009). However, for

the case of non-destructive testing of plates, only a few studies have

recognized the influence from the near-field of a point source (Ditri and

Pilarski, 1994). In the context of impact-echo thickness testing of plates,

near-field effects have traditionally not been taken into account (Baggens

and Ryden, 2015).

A major uncertainty in measurements of impact-echo type is related

to the estimation of a representative longitudinal wave velocity along the

surface. This uncertainty clarifies the importance of finding alternative

approaches for estimation of Poisson’s ratio which are not dependent on

the longitudinal wave velocity.
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Chapter 3
Wave theory

This chapter presents some information about relevant theory of wave propagation.

3.1 Three dimensional infinite spaces

Two different type of mechanical waves can exist in three dimensional in-

finite spaces: the longitudinal wave, and transversal wave (Achenbach,

1973). These types of waves are also referred to as P-waves and S-waves,

where the capital P and S represent primary or pressure and secondary or

shear, respectively. The longitudinal wave velocity VL is calculated accord-

ing to:

VL =

√
E(1− v)

�(1 + v)(1−2v) (3.1)

where E , v, � are the Young’s modulus, Poisson’s ratio and density, respec-

tively. The transversal wave velocity VT is calculated according to:

VT =

√
E

2�(1 + v)
(3.2)

The ratio between the longitudinal wave velocity and the transversal wave

velocity is only dependent of Poisson’s ratio and is given by:

� =
VL

VT
=

√
2(1− v)
1−2v (3.3)

The ratio � is an important quantity, which provides a fundamental link be-

tween the acoustic bulk wave velocities VL and VT . The particlemovements

of plane longitudinal and transversal waves are shown in Figure 3.1.
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Figure 3.1: Illustration of particle motion for: (a) Longitudinal wave, (b)

Transversal wave. Original figure presented by Graff (1975).

3.2 Half-spaces

A body which is infinite below a certain plane and non-existent above this

plane is typically referred to as a half-space. The probably most common

example of such semi-infinite body is the earth, which is almost infinite

in the lateral/horizontal direction and depth, i.e. it is only limited by the

earth surface if we assume a flat earth and ignore the curvature. However,

structures which are similar to half-spaces can be found in many places,

and it is typically the wavelength in comparison with the dimensions of

the object that determines if an object can be assumed as infinite or not,

rather than the specific dimensions of the object.

The free surface of the half-space makes it possible for surface waves to

exist. Surface waves, which is often called Rayleigh waves, are created

from combinations i.e. superposition of longitudinal and transversal

waves. An example of a surface wave or Rayleigh wave is shown in

Figure 3.2. Figure 3.2 shows that the displacement magnitude of the

movement dominates at the surface.

The velocity of the Rayleigh wave cannot be determined in the same

straightforward fashion as for the longitudinal and transversal wave.
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Figure 3.2: Rayleigh wave mode shape. Original figure presented by Vik-

torov (1967).

To determine the exact velocity, the so-called Rayleigh equation has to

be solved (Viktorov, 1967). However, an approximation of the Rayleigh

wave velocity can for example be determined from the relation given by

(Achenbach, 1973):

VR

VT
≈ 0.862+1.14�

1+ �
(3.4)

3.3 Lamb waves

We have seen that two type of waves exist in an isotropic infinite body,

and when a free surface exists (i.e. a half-space), Rayleigh waves can also

exist. In the case of a plate, which has two free surfaces, additionally

complexity is added to the wave propagation theory. This theory of wave

propagation in linear elastic and laterally infinite plate is commonly

referred to as Lamb wave theory.

The two free surfaces of the plate is equivalent to a traction free

boundary condition, which means that the stress must equal zero at

these surfaces. The boundary condition implicates that only certain

combinations of longitudinal and transversal waves within the plate can

exist at a given frequency. This means that only certain combinations of

angular frequencies � and lateral wave numbers k are possible. The valid

combinations of frequencies � and lateral wave numbers k, so-called

�-k pairs, define the dispersion characteristics of the plate, and can be

obtained by solving the Lamb wave equation (Viktorov, 1967):

tan(�h/2)

tan(�h/2)
= −

[
4��k2

(k2 − �2)2
]±1

(3.5)

where

�2 = �2/V2
L − k2

�2 = �2/V2
T − k2
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Figure 3.3: Example of symmetric Lamb mode.

Figure 3.4: Example of anti-symmetric Lamb mode.

VL and VT are the longitudinal and transversal wave velocities, respec-

tively, and h represents the plate thickness. The Lamb modes are divided

into twomain families: symmetric and anti-symmetric modes. The positive

sign of the exponent on the right side of Eq. (3.5) defines symmetric modes,

whereas the negative sign defines anti-symmetric modes. Examples of a

symmetric and an anti-symmetric Lamb mode are shown in Figure 3.3 and

Figure 3.4, respectively.

The valid �-k pairs define the dispersive characteristics of the plate. The

dispersion of Lamb waves contain important information which can for ex-

ample be used to determine the elastic plate properties and thickness. The

dispersion relations for a plate can be illustrated in many ways. One ex-

ample is to plot the �-k pairs for each Lamb mode directly, see Figure 3.5.

Another possibility is to present the dispersion curves in the frequency-

phase velocity domain, see Figure 3.6. The Rayleigh wave velocity can, for

example, be determined by studying the convergence of the phase veloci-

ties for the A0 and the S0 modes, see Figure 3.6. The S1-ZGV point, which

is the point of the minimum frequency of the S1-mode, is another quantity

which can be determined. The frequency of this point corresponds to the

thickness resonance used in traditional impact-echo measurements (Gib-

son and Popovics, 2005).
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Figure 3.5: Dispersion curves (wave number-frequency plot) for a plate

with Young’s modulus 40 GPa, Poisson’s ratio 0.2, density 2400 kg/m3, and

thickness 1 m.
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Figure 3.6: Dispersion curves (frequency-phase velocity plot) for a plate

with Young’s modulus 40 GPa, Poisson’s ratio 0.2, density 2400 kg/m3, and

thickness 1 m.
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Chapter 4
Numerical modeling

This chapter presents the basic theory of finite element modeling of dynamic problems,

and demonstrates an implementation of a plate model in Comsol-Matlab.

4.1 Introduction to finite element theory

4.1.1 Equations of motion

To establish a finite element formulation we initially consider an arbitrary

body subjected to a body force bi [N/m3] and a traction vector ti [N/m3]

(Ottosen and Ristinmaa, 2005), see Figure 4.1. The subscript i represents

the index i = 1,2,3, which denotes each coordinate axis. To fulfill Newton’s

second law, the following equation must be satisfied:∫
S

ti dS +

∫
V

bidV =

∫
V

�üi dV (4.1)

where ui is displacement, and � is density. In Eq. 4.1 the dot (u̇i ) sign applied

to ui specifies differentiation with respect to time (i.e. u̇i and üi represents

velocity and acceleration, respectively). The traction vector ti is given by:

ti = �i j nj (4.2)

where �i j is a stress tensor. Insertion of Eq. 4.2 into Eq. 4.1 gives:∫
S

�i j nj dS +

∫
V

bidV =

∫
V

�üi dV

By use of Gauss divergence theorem, the surface integral can be trans-

formed to a volume integral, and the following relation is obtained:∫
V

(�i j ,j + bi − �üi )dV = 0
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Figure 4.1: Arbitrary body subjected to the body force bi , and traction vec-

tor ti .

Since this relation should hold for arbitrary volumes it can be concluded

that the following equations, "the equations of motion", must always be

satisfied:

�i j ,j + bi = �üi (4.3)

4.1.2 Finite element formulation

The equations of motion (Eq. 4.3) describe an equilibrium relation at an

infinitesimal point. This relation can be transformed into a so called weak

formulation, which is a representation of the equations over a volume. It is

done by multiplying Eq. 4.3 with an arbitrary virtual displacement field vi
and integrating over the volume:∫

V

vi (�i j ,j + bi − �üi )dV = 0

The word virtual emphasizes that the displacement field is a fictitious

quantity, which is not the same as the real/physical displacement field.

By use of the chain rule the expression is rewritten into:∫
V

[(�i j vi ),j −�i j vi ,j ]dV +

∫
V

(vibi − �vi üi )dV = 0 (4.4)

With the Gauss theorem and Eq. 4.2, the following identity is established:∫
V

(�i j vi ),j dV =

∫
S

�i j vi njdS =

∫
S

vi ti dS

which inserted into Eq. 4.4 gives:∫
V

�vi üi dV +

∫
V

vi ,j�i j dV =

∫
V

vi ti dS +

∫
V

vi bidV (4.5)
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The small strain tensor 	i j is given by:

	i j =
1

2
(ui ,j + uj ,i ) (4.6)

where ui is the displacement field of the body. By switching indices, it is

evident that the small strain tensor is symmetric, i.e. 	i j = 	j i . It can also be

shown that an analogous symmetry exists for the stress tensor as well, i.e.

�i j = �j i . In Eq. 4.4, an arbitrary virtual displacement field was introduced

and in a similar manner there is no restriction to introduce a virtual strain

related to the virtual displacement field:

	vi j =
1

2
(vi ,j + vj ,i ) (4.7)

With Eq. 4.7, Eq. 4.5 becomes:∫
V

�vi üi dV +

∫
V

	vi j�i j dV =

∫
V

vi ti dS +

∫
V

vi bidV (4.8)

which is the weak form of the equations of motion.

The finite element method is a numerical tool which is practically

implemented in computer code. It is therefore suitable to define some

matrices which can be implemented with standard matrix operations. The

following matrices are defined:

	v =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

	v
11

	v
22

	v
33

2	v
12

2	v
13

2	v
23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
; � =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11
�22
�33
�12
�13
�23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
; ü =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
ü1
ü2
ü3

⎤⎥⎥⎥⎥⎥⎥⎥⎦

v =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
v1
v2
v3

⎤⎥⎥⎥⎥⎥⎥⎥⎦ ; t =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
t1
t2
t3

⎤⎥⎥⎥⎥⎥⎥⎥⎦ ; b =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
b1
b2
b3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
The objective is to create an approximation of the displacement field by in-

terpolating values at node points with weight function, i.e. so called shape

functions. The displacement field is approximated by the following expres-

sion:

u(xi , t) = N(xi )a(t) (4.9)

where N are the shape functions which approximate the values a at the

nodal-points. The accelerations are approximated in a similar manner:

ü(xi , t) = N(xi ) ä(t) (4.10)
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A relationship between the displacements and the strain was given in

Eq. 4.6. If the displacements are known it is obviously possible to deter-

mine the corresponding state of strain. The calculation of the strain can

therefore be approximated by the following expression:

	 = B(xi )a(t) (4.11)

where B are shape functions derived from differentiation of N according

to Eq. 4.6.

In Eq. 4.8 a virtual displacement field vi was introduced. In FEM a

particular choice of the approximation of the virtual displacements is

made according to the Galerkin method:

v = Nc (4.12)

where c is vector containing arbitrary displacement values, which may be

interpreted as arbitrary constants. In conformity with Eq. 4.11 the virtual

strain is approximated by:

	v = Bc. (4.13)

Going back to the virtual work expression in Eq. 4.8 and introducing the

matrix formulations, we get the following expression:∫
V

�vT üdV +

∫
V

	Tv �dV =

∫
S

vT tdS +

∫
V

vTbdV

By inserting Eq. 4.10, 4.12-4.13 the expression becomes:

cT

{∫
V

�NTNdV ä+

∫
V

BT�dV −
∫
S

NT tdS −
∫
V

NTbdV

}
= 0.

As this expression should hold for any c, the following equations must al-

ways have to be fulfilled:∫
V

�NTNdV ä+

∫
V

BT�dV =

∫
S

NT tdS +

∫
V

NTbdV

Assuming that a constitutive relation which relates the stresses and the

strains (e.g. Hooke’s law in the case of linear elasticity) exists, and that

this relation can be written (by use of Eq. 4.11) in the form of

� = D	 = DBa

we can finally write the finite element formulation:

Mä+Ka = f (4.14)
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where

M =

∫
V

�NTNdV ; K =

∫
V

BTDBdV ; f =

∫
S

NT tdS +

∫
V

NTbdV

Equation 4.14 expresses a finite element formulation without any damping.

However, it is possible to add a damping term:

Mä+Cȧ+Ka = f (4.15)

which is the finite element formulation with damping described by the ma-

trix C.

4.1.3 Response to harmonic excitation

A system represented by the finite element formulation Eq. 4.15 subjected

to a harmonic force with the amplitude f0 and the angular frequency � =

2
f can be described by:

Mü+Cu̇+Ku = f0 e
i�t (4.16)

It can be shown that the response of the displacement field u is periodic

with the same frequency � as the excitation force. The displacement field

umay then be described by:

u = u0 e
i�t

where u0 is a complex amplitude. Differentiation of u yield:

u̇ = i�u0 e
i�t ; ü = −�2u0 e

i�t

Insertion into Eq. 4.16 gives:

(−�2M+ i�C+K)u0 = f0 (4.17)

which is a system of equations completely independent of time. As a result,

this system can be solved entirely with algebraic methods. Result obtained

from this type of analyses is extremely useful. It provide important knowl-

edge about the structural response as function of frequencies. Thus, the

time domain response to an arbitrary pulse excitation can be obtained us-

ing Fourier analysis. This will be demonstrated in the following section.

4.2 Finite element modeling in Comsol and Matlab

The finite element software Comsol and the computational software

Matlab was used to perform simulations of wave propagation in plates.

The following presentation will focus on the implementation of a finite
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Figure 4.2: Sketch of plate model.

element model which simulates the response of a plate subjected to

transient impacts. This implementation is mainly based on the modeling

techniques presented by Castaings et al. (2004); Hosten and Castaings

(2006); Ryden and Castaings (2009).

An example of an axially symmetric plate model is shown in Figure 4.2. A

load is applied at the axial symmetry axis to simulate the point load. The

plate is divided into two main regions: result region and absorbing region.

The response is extracted from the result region whereas the absorbing

region is used to simulate infinite boundaries of the plate. The absorbing

region is created by using a gradually increasing damping ratio (Castaings

et al., 2004).

The model was solved in frequency domain using an element mesh and

absorbing region which were adjusted to the frequency. At low frequencies

a coarsemesh was used, as opposed to the case of high frequencies where

a fine mesh was used (Ryden and Castaings, 2009). The absorbing region

was adjusted for each frequency to be equal to the length of three times

the longitudinal wave length at the studied frequency. The response of the

plate in terms of complex amplitudes, i.e. so-called transfer functions, was

extracted from the result region of the plate, see Figure 4.2. An example

of the absolute amplitude of a transfer function is plotted in Figure 4.3.

Force excitation pulses, which were applied at the axial symmetric axis

to simulate a point load (see Figure 4.2), were defined from a Gaussian

mono-pulse. An example of a force excitation pulse is shown in Figure 4.4.

Time domain responses were obtained from the inverse discrete Fourier

transforms of the transfer functions multiplied with the frequency spec-

trum of the pulses (Castaings et al., 2004). An example of dataset in

time domain is shown in Figure 4.5. An overview of the used modeling
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Figure 4.4: Force exciation pulse in (a) Time domain, (b) Frequency domain.

technique is shown in Figure 4.6.
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Figure 4.6: Overview of modeling technique.

40



Chapter 5
Measurement technique

This chapter presents the measurement equipment and techniqe used in the practical

field cases.

Practical measurements have been performed on concrete plates with a

hammer as an impactor and an accelerometer as a receiver. Typically,

several hammer impacts have been performed at an increasing offset
distance from the accelerometer, which have been attached at a fixed

position. The structural response in terms of acceleration has been

recorded by the accelerometer, as well as the time history of the impact-

force from the hammer. By using the reciprocity theorem for linear elastic

system a multichannel dataset can be created. This type of dataset is

typical for a combined impact-echo and surface wave analysis. A sketch

illustrating the practical measurement techniques and procedure is shown

in Figure 5.1.

The measurement equipment consists of an impact-hammer, accelerom-

Figure 5.1: Sketch of measurement technique.
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Figure 5.2: Measurement equipment: impact-hammer (PCB model

086C03), accelerometer (PCB model 339A30), signal conditioner (PCB

model 480b21), DAQ-unit (NI USB-6251 BNC), and computer (Panasonic

Toughbook).

eter, signal conditioner, DAQ-unit, and a computer. An overview of the

measurement equipment is shown in Figure 5.2. Figure 5.3 shows an

example of a three component accelerometer . As seen, this is a very

portable and flexible system in which every individual part of equipment

easily can be changed or replaced. For example, it is common to select

impactor with respect to the object that is studied. If a thick structure

is considered it is suitable to use a heavy impactor which can generate

sufficient low frequencies in the impact pulse. On the contrary, if a thin

structure is considered it is suitable to use a light impactor which can

generate sufficient high frequencies in the impact. An example of different
impactors is shown in Figure 5.4.
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Figure 5.3: Three component accelerometer (PCB model 339A30).

Figure 5.4: Impact hammers, from left: home-made impactor (screw/bolt)

with piezoelectric crystal, hammer PCB model 086C03, hammer PCB

model 086D05.
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Chapter 6
Main results and future research

This chapter presents the main results from the papers and possibilites for future

research.

6.1 Main results

Three parameters, e.g. velocity, Poisson’s ratio, and thickness, define a

plate in Lamb wave theory. In combined impact-echo and surface wave

analysis, this theory can be used to estimate the elastic properties and

thickness of a plate. Figure 6.1 (a) shows a selection of the dispersion

curves (Lamb modes A0, S0, A1, and S1) for a plate with � = 0.2. The axes

are normalized with the thickness h and the transversal wave speed VS .

This normalization makes the curves only dependent on �, i.e. they are

valid for all plates with � = 0.2. The S1-ZGV point, which represents the

Lamb mode used in impact-echo measurements, is also plotted. By study-

ing this type of Lamb wave dispersion curves of a plate, the theoretical

foundation for the evaluation of the elastic properties and thickness can

easily be illustrated and explained.

Figure 6.1 (b) shows an expanded view of the S1-ZGV points for different
values of �. The normalization of the axes makes the variations of the

locations for the S1-ZGV points to be only dependent on �. This implies

that the value of fh/VS (i.e. x-axis) for the S1-ZGV point is constant for a

fixed value of �. Thus, fh/VS provides a direct way of determining the plate

thickness once VS , �, and f are known.

Results from the literature review indicate a systematic error in terms

of underestimated thickness from impact-echo thickness testing. Un-

derestimated velocities is one possible source of error leading to an
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Figure 6.1: (a) Lamb wave dispersion curves (A0, S0, A1, and S1 mode) for

a plate with � = 0.2. (b) Expanded view around S1-ZGV points for different
values of Poisson’s ratio.

underestimated thickness. Detailed numerical simulations show that

there exists a zone, close to the impact source (see Figure 6.2 (b)), where

the velocity of the first arriving wave cannot be directly linked to the the-

oretical longitudinal wave velocity. This zone, where the high amplitude

of the Rayleigh wave hides the longitudinal wave, results in an underesti-

mated velocity, which in turn, leads to an uncertain estimation of Poisson’s

ratio and an underestimated thickness. The magnitude of underestimated

thickness is dependent on Poisson’s ratio, pulse frequency content, and

the distance between the measurement and the impact source. A more

thorough analysis of the near-field effects is given in Paper I.

Figure 6.3 (a) and Figure 6.3 (b) show the variation of estimated first

arrival velocity for a combined impact-echo and surface wave measure-

ment and the conventional impact-echo method, respectively. It can be

seen that the estimated first arrival velocity is clearly affected by the near

field. These results verify the inherently difficult and questionable task of

estimating the longitudinal wave velocity from first arrivals of dispersive

Lamb waves. For this reason, an alternative approach for estimation of

Poisson’s ratio is proposed.

The details of this novel approach for estimation of Poisson’s ratio is
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Figure 6.3: Estimated first arrival velocity using a combined impact-echo

and surface wave measurement (a), and the conventional impact-echo

method (b).
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(a)

(b)

Figure 6.4: Mode shape, with cylindrical spreading due to a point load, of

first symmetric zero-group velocity Lamb mode (S1-ZGV): (a) � = 0.4, (b)
� = 0.2.

presented in Paper II. The proposed approach is not dependent on a lon-

gitudinal wave velocity. Instead, it is based on the amplitude polarization

of the first symmetric zero-group velocity Lamb mode (S1-ZGV). In this

case, the amplitude polarization is interpreted as the ratio between the

amplitude of the surface normal component and the amplitude of the

surface in-plane component.

The main idea of this new approach is illustrated in Figure 6.4. For

high Poisson’s ratio, the movement of the mode shape is dominated by the

surface in-plane component, see Figure 6.4 (a), whereas for low Poisson’s

ratio, the movement is dominated by the surface normal component, see

Figure 6.4 (b). This variation of polarization of the mode shape can be used

to determine Poisson’s ratio in practical measurements. An advantage

of this approach is that a through-thickness representative estimation of

Poisson’s ratio is obtained, since the used Lamb mode exists through the

entire thickness of the plate.

A demonstration of this approach applied on data collected in a practical

field case is shown in Figure 6.5. Figure 6.5 shows the absolute amplitude

of the measured first symmetric zero-group velocity Lamb mode (mark-

ers). A best match between the extracted mode shape (markers) and

the theoretical mode shape (lines) is determined. From this best match

the polarization is calculated, and thereby, an estimation of Poisson’s

ratio is obtained. In this practical field case an increased accuracy in

estimated nominal thickness is obtained compared with the results using

the traditional approach based on a longitudinal wave velocity.
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velocity Lamb mode (S1-ZGV), and best match (lines).

6.2 Future research

Based on results from the literature review, Paper I, and Paper II, the fol-

lowing general topics represents possible and interesting ideas for future

research:

Material gradients

Results from the literature review show that material gradients with

varying stiffness through the thickness can exist. By using Lamb

wave theory this possible material gradient is ignored, since a plate

in Lamb wave theory is isotropic. Thus, an idea for future research is

to study plates with material gradients, e.g. an increasing stiffness
with depth of the plate.

Defects

Future research can also focus on the possibilities and limitations of

detecting abrupt material conditions through the thickness caused

by e.g. delaminations. For example reactor containment walls in nu-

clear power plants often consist of a steel liner embedded in con-

crete. To ensure operational safety of the plant, it is important that

the steel liner is intact. It is often assumed that a debonded steel

liner can indicate a possible defect like corrosion. Thus, this bond-

ing condition is of interest to verify with non-destructive methods.

For the case of containment walls in nuclear power plants, it is also

of interest to study the possible influence from the curvature of the

wall.

2D Arrays

The practical measurements have been carried out by performing

hammer impacts along a straight line, i.e. an array in one dimension

has been used. To increase the quality of the measured data, and
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also open up for new possibilities in terms of more detailed evalu-

ation, a possible research topic is alternative measurement arrays,

e.g. a two-dimensional array (i.e. grid) can be studied.

Data evaluation

If data is collected using a 2D array, and is combined with more

refined signal processing, it is likely that additional features (e.g.

higher Lamb modes such as A2-ZGV etc.) can be used to enhance

the data evaluation. Future research within this topic is important

to enable a further development of the infinite plate model towards

gradually more complicated objects and boundary conditions.
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a b s t r a c t

Near field effects are found to create systematic errors, within the range of about 5–15%, in thickness
estimations from Impact-Echo (IE) testing. This paper studies near field effects from a point source in a
combined Multichannel Analysis of Surface Waves (MASW) and Impact-Echo analysis. The near field
creates deviations in the measured velocity of the P-wave and the Rayleigh-wave, which lead to an
underestimated thickness. This systematic error is identified in both a numerical and a real field case.
The results are also compared with the conventional Impact-Echo method.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/3.0/).

1. Introduction

In civil engineering, efficient non-destructive quality control plays
an important role in the optimization of resources for manufacturing,
maintenance, and safety. For concrete construction, the thickness of
plate-like structures is a parameter of particular interest [1–3].
Several techniques have emerged for determining this thickness in
a non-destructive manner [4]. The Impact-Echo (IE) method is one
such technique which provides a straightforward estimation of the
thickness of a structure with only one accessible side.

Early studies using the IE method report thickness estimation
accuracies within 3% [5]. Although recent advances show promis-
ing results for implementing non-contact scanning measurements
[6], studies with more significant deviations exist [1,7,2]. In these
studies the thickness is underestimated in 18 of 19 locations with
a mean error of 8%. In many IE thickness testing applications,
e.g. nuclear reactor containment walls or load carrying structures
in bridges, a verification with a drilled core sample is often not
possible. Further studies, as this paper, which can clarify and
highlight difficulties and potential error sources, about IE thick-
ness testing are therefore valuable.

The conventional IE method uses two estimated parameters:
the thickness resonance frequency fr and the P-wave velocity VP

[8]. The thickness resonance is measured from the dynamic
response to a transient impact. The P-wave velocity is either
measured or assumed. The thickness h is subsequently determined

using the empirical relation:

f r ¼
βVP

2h
ð1Þ

where β is an empirical correction factor that is usually assigned
the value 0.96 for concrete. In fact, the exact value of fr corre-
sponds to the minimum frequency of the first symmetric Lamb
mode (S1) dispersion curve [9]. The group velocity is zero at this
specific point (S1-ZGV) [10]. The next thickness resonance is
related to the second anti-symmetric Lamb mode (A2), which is
also a zero-group velocity point (A2-ZGV).

To properly evaluate plate properties such as the thickness
parameter, Lamb wave theory must be used. Lamb wave theory
states that a laterally infinite isotropic plate is defined by three
independent parameters: the shear wave speed VS, Poisson's ratio
ν, and thickness h. Consequently, the accuracy of this type of non-
destructive evaluation of plates is solely dependent on these three
variables. As a result, traditional IE methods are usually comple-
mented with some sort of surface velocity measurement to most
accurately determine the thickness [11]. However, if exact values
of fr and VP are known, an exact value of the thickness can be
obtained using Eq. (1) only if a correct value of β is assumed. An
alternative method of increasing accuracy is to calibrate a velocity
that satisfies Eq. (1) using an exact thickness measurement from a
core sample. This approach is, however, not applicable in the case
of plates with one-sided access if non-destructive testing is
desired.

VP is usually estimated from the time taken by the first arriving
wave to travel between two points separated by a known distance.
One major source of uncertainty of the first arrival velocity is the
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identification of the correct first arrival time. This uncertainty is
due to the small displacement magnitude of the surface normal
component of the first arriving wave. A common procedure is to
identify the first value above a certain threshold, and to assume
that this wave corresponds to a pure P-wave. Another approach,
which may improve the identification, is to study the trend of the
measured signal [12]. The velocity of the P-wave may also vary
through the thickness due to a material gradient resulting from
the casting of a concrete slab, if larger aggregates concentrate near
the bottom of the slab [1]. Gibson showed a systematic difference
between the P-wave velocity measured along the surface and
through the thickness [4]. A gradient with an increasing P-wave
velocity with depth has been observed by [1,13–15]. Popovics et al.
proposed an additional correction factor to compensate for the
slower P-wave velocity along the surface [1].

An alternative approach that eliminates difficulties in identify-
ing the first arrival is to calculate VP from the Rayleigh wave
velocity VR, estimated by means of spectral analysis of surface
waves (SASW) [16]. This approach requires an assumed value of ν.
Poisson's ratio can, for example, be determined from the ratio
between the frequencies of S1-ZGV and A2-ZGV [10] or the ratio
between the S1-ZGV frequency and VR [17]. The latter approach
requires a known value of the thickness.

More recent approaches use a combination of a multichannel
recording and a multichannel IE analysis [18,19,7]. The specific
evaluation procedures differ slightly in their approaches. However,
the main concept is to introduce additional information from
surface wave analysis, for example, by estimating VR. Since at least
three parameters are accessible, it is possible to incorporate Lamb
wave theory. Then, all three plate parameters (VS, ν, h) can be
determined simultaneously. Compared with the traditional IE
method, these types of analyses are not affected by the uncertainty
of assuming a correct value of β.

A possible source contributing to the uncertainty in fr is the
presence of multiple peaks in the frequency response spectrum
[20]. The use of a time frequency analysis has been suggested to
enhance the identification of the correct S1-ZGV frequency [21,22].
The use of multichannel recordings is another approach to facil-
itate the identification of the correct S1-ZGV frequency. Summa-
tion of the traces in close vicinity to the point source can be used
to make the S1-ZGV frequency more pronounced [18]. A similar
approach uses a quantity described as a multicross spectral
density [23].

Although several improvements to the IE method have been
proposed, a remaining systematic error may result in an under-
estimated thickness [1,7,2]. This underestimation can occur if the
P-wave velocity is underestimated or if the S1-ZGV frequency is
overestimated (Eq. (1)). Of these two parameters, a velocity
representative of the complete through thickness seems to be
the most difficult parameter to measure. Most proposed methods
are based on a P-wave and/or Rayleigh wave velocity measure-
ment along the surface. A possible source of underestimated
velocities along the surface may be due to near field effects, which
in this case are due to the cylindrical spreading of waves from a
point source and the interference of different wave modes [24–28].
To the authors' knowledge, the near field effect has not been
previously studied in this context of combined IE and velocity
measurements.

This study adopts a combined Multichannel Analysis of Surface
Waves (MASW) and IE method. In conformance with the IE
method, this type of analysis also assumes that the P-wave
velocity can be obtained by studying the first arrival wave. The
combined MASW/IE method measures the P-wave velocity (VP),
the Rayleigh wave velocity (VR), and the S1-ZGV frequency
(f S1�ZGV ). These three parameters are used to estimate the plate
parameters VS, ν, and h. The systematic variations of the measured

parameters VP, VR, and f S1�ZGV due to near field effects are studied
for a plate without a velocity gradient with depth. These types of
variations, within a few thickness distances from the source, are
not specific for the studied MASW/IE method; in fact, they are
present in all evaluations related to surface wave analysis and/or IE
analysis. The results are therefore general for many cases. Finally,
the influence of the evaluated thickness is further explored with
both a synthetic and an experimental field case. The results from
the MASW/IE method are also compared with the results obtained
using the conventional IE method.

2. Lamb waves

Only two different wave types can exist in an isotropic infinite
body, the P-wave and the S-wave [29]. In a laterally infinite plate,
an additional boundary condition requires the stress traction to be
equal to zero at the surfaces. Thus, it is possible for guided waves
or Lamb waves to exist. Lamb waves are created from combina-
tions of P- and S-waves that satisfy the traction-free boundary
condition. An infinite number of combinations which satisfy this
boundary condition exist. They are, however, governed by the
same equation, the so-called Lamb wave equation:

tan ðβh=2Þ
tan ðαh=2Þ ¼ � 4αβk2

ðk2�β2Þ2

" #71

ð2Þ

where

α2 ¼ ω2

V2
P

�k2

β2 ¼ ω2

V2
S

�k2

The Lamb wave equation is based on an assumption of plane wave
propagation, and enforces that only certain combinations of wave
numbers k and frequencies ω are possible. This is the origin of the
dispersive nature of Lamb waves. No simple analytical solutions of
the equation exist, and instead, numerical methods must be used
[29]. The Lamb wave theory forms the basis for linear elastic wave
propagation in plates.

The dispersive nature of Lamb waves can be illustrated in many
ways. One possibility is to present dispersion curves in the
frequency–phase velocity domain. Fig. 1a shows a selection of
the dispersion curves (Lamb modes A0, S0, A1, and S1) for a plate
with ν¼0.2. The axes are normalized with the thickness h and the
shear wave speed VS. The curves are thus only dependent on ν. The
curves in Fig. 1a are valid for all plates with ν¼0.2.

The dispersion curves contain important information about the
plate characteristics. The Rayleigh wave velocity can, for example,
be determined by tracking the convergence of the phase velocity
for the A0 and the S0 modes. The S1-ZGV point, which is the point
of the minimum frequency of the S1-mode, is another quantity
which can be determined. As mentioned before in Section 1, this
point corresponds to the thickness resonance fr used in the
traditional IE method (Eq. (1)).

An expanded view of the S1-ZGV points for different values of ν
is shown in Fig. 1b. The variations of the locations for the S1-ZGV
points are only affected by ν. This implies that the value of fh=VS

for the S1-ZGV point is constant for a fixed value of ν, and serves as
the theoretical link between the empirical β factor used in the IE
method and an analytical expression as a function of ν [9,17]. The
constant value of fh=VS provides a direct way of determining the
plate thickness once VS, ν, and f S1�ZGV are known.

The constant value of fh=VS also reveals how the estimated
thickness is affected by uncertainties in the quantities VS, ν,
or f S1�ZGV (Fig. 1b). An overestimation of f S1�ZGV yields an
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underestimated thickness, whereas an overestimation of VS yields
an overestimated thickness, assuming that the other two constants
are exact. Finally, an overestimation of ν results in an overesti-
mated thickness (Fig. 1b).

In practice, the plate parameters VS, ν, and h are in most cases
not directly accessible. Therefore, they must be determined
indirectly using other parameters. One possibility is to measure
VP, VR, and f S1�ZGV , for example, by means of a combined MASW/IE
method [18]. These three quantities provide the necessary infor-
mation to determine VS, ν, and h, and this approach was adopted in
this study. The accuracy of the thickness estimation, which is of
particular interest, is therefore dependent on the accuracy of the
indirect parameters VP, VR, and f S1�ZGV .

3. Numerical modeling

The presented theory in Section 2 assumes plane wave propa-
gation, which at several wavelength's distance is a good approx-
imation even for waves generated by a point source. As the radial
distance of the studied waves decreases, this assumption becomes
less valid, and near field effects are present. Furthermore, close to
the source several different wave modes (e.g. P-waves, S-waves,
Rayleigh waves) interfere with each other. A suitable approach for
studying these two factors (i.e. near field effects) and the transi-
tion to the far field is to use a numerical model. A synthetic model,
by means of Finite Elements (FE), was created in order to
investigate the accuracy of the VP, VR, and f S1�ZGV estimates
determined by a combined MASW/IE technique. The model was
created using commercial finite element software, Comsol Multi-
physics [30]. A 2D axial symmetric plate was defined using a linear
elastic material with Young's modulus of 36.1 MPa and a density of
2197 kg/m3. The model was calculated using Poisson's ratios of 0.1,
0.2, 0.3, and 0.4, thus, covering a wide range of possible materials.

The thickness was set to 0.261 m and the length of the plate
was 25 times longer than the thickness (Fig. 2). A short line load at
the top surface was applied to simulate a point source. The load
started at the symmetry axis and had a radius of 0.0025 m.

The plate was studied in the frequency domain, solving for the
complex steady state response. A triangular element mesh with
quadratic shape functions was used. A fine mesh with a minimum
element length of 0.0025 m was used around the source location.
In the rest of the model the element mesh was adjusted to have at
least 10 elements per wavelength of the A0 mode. The mesh was
thus adjusted for the solved frequencies using a coarse mesh for
the low frequencies and a finer mesh for the high frequencies [31].

A silent boundary was created by a gradually increasing
damping ratio in the absorbing region [32]. This region was added
as an extension to the plate (Fig. 2). The length of the absorbing
region was adjusted for the solved frequency with a length of
3 times the wavelength of the P-wave. The defined mesh and
absorbing parameters were determined by a parametric conver-
gence study of the theoretical Rayleigh wave velocity and S1-ZGV
frequency.

In order to simulate the Impact-Echo and surface wave test, three
synthetic force pulses were defined. The pulses were based on the
Gaussian mono-pulse with different frequency contents (Fig. 3). The
Gaussian mono-pulse was chosen to avoid energy at 0 Hz, as this
energy can be difficult to handle in frequency domain simulations of
a free plate. The pulses can be characterized as a low-frequency, mid-
frequency, and high-frequency pulse with regard to the S1-ZGV
frequencies (7–9 kHz) of the simulated plates.

The frequency domain responses along the upper surfaces of
the plates from the pulses were calculated using the result from

Fig. 1. (a) Lamb wave dispersion curves (A0, S0, A1, and S1 modes). (b) Expanded view around S1-ZGV points (S1 mode).

Fig. 2. FE-model sketch.
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the steady state analysis (Fig. 2). Subsequently, an inverse Fourier
transform was performed to generate the response for the pulses
in the time domain [32]. This concept was used to create synthetic
multichannel datasets (Fig. 4a). The datasets were transformed
into the phase velocity–frequency domain (Fig. 4b) [33]. It could
be seen that the theoretical Lamb wave curves correlated well
with the synthetic datasets. A detailed analysis of the difference
between the simulated and theoretical values will be studied in
the subsequent Results section.

4. Results

Estimates of the first arrival P-wave velocity (VP), the Rayleigh
wave velocity (VR), and the S1-ZGV frequency (f S1�ZGV ) have been
studied as a function of distance from the source in order to
quantify the influence of the near field. In all the presented result
plots the distance from the source has been expressed as radius
divided by thickness ðr=hÞ. This scale is used to emphasize that
results are roughly applicable to any plate thickness although an

Fig. 3. Force pulses: (a) time domain, (b) frequency domain.
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exact normalization in both time (frequency) and space (wave-
length) is not possible.

4.1. P-wave velocity

The variation of the first arrival P-wave velocity as a function of
distance was studied for plate models with different values of ν.
The models were studied in the time domain using the mid-
frequency pulse (see Fig. 3). Fig. 5a shows the surface normal
acceleration response to the mid-frequency pulse for the plate
with ν¼0.2. The surface normal acceleration response was subse-
quently used to determine the first arrival P-wave.

Signals were gained in order to enhance the picture of the wave
field and the first arrivals (Fig. 5b). In this type of commonly used
seismic plot, the first arrival velocity close to the impact source
appears to be close to the Rayleigh wave velocity. At a distance of
about 1/4 of the thickness, there is a jump to a faster first arrival
velocity which is closer to the P-wave velocity. The hidden first arrival
of the P-wave is a consequence of the huge difference in amplitude of
the Rayleigh wave and the P-wave (interference of modes).

First arrivals were picked for each trace at time points corre-
sponding to the first absolute values above a threshold limit
(Fig. 5b). The threshold limit was set at 10�4 of the maximum
absolute value of the amplitude in each individual trace. Conse-
quently, the threshold limit was reduced with an increasing radial
distance. Fig. 5b also shows the theoretical first arrival P-wave
velocity (VP) along with the slightly slower quasi-P-wave velocity
in plates (VP�2D), marked with dotted lines. VP�2D corresponds to
the low frequency asymptotic value of the S0 Lamb mode in plates
(Fig. 1a) and is the expected low frequency P-wave velocity in a
plate [29]. The theoretical first arrivals were adjusted to intersect
with the first arrival of the first trace.

The P-wave velocity was calculated by adjusting a slope to the
first arrivals using linear regression. This evaluation was repeated
while adding new traces to the array, and thus the length of the array
was gradually extended. In all evaluations, the first trace was located
at a fixed offset of 0.005 m from the impact center. This type of
evaluation corresponds to a typical combined MASW/IE analysis.

In order to simulate the procedure used in the IE standard, the
first arrival P-wave velocity was also calculated using two traces
only. The first trace was selected at an offset of 0.005 from the
impact center, and the second trace was selected at a distance of
0.3 from the first trace. The time difference of the first arrivals and
the known distance of 0.3 m between the traces were used to yield
the first arrival P-wave velocity. This calculation was repeated for
different offset locations of the two traces, while maintaining a
fixed internal distance between the traces of 0.3 m. This type of
evaluation corresponds to the conventional Impact-Echo proce-
dure when the first transducer is located at an offset of 0.15 m
from the impact center [11].

The results from the MASW/IE and the IE type of analysis of the
first arrivals are shown in Fig. 6a and b, respectively. The extracted
velocities have been normalized with the theoretical P-wave
velocity for each Poisson's ratio. In both types of analysis the
initial normalized first arrival velocity close to the impact source is
lower than the theoretical values. At a greater distance from the
source, the normalized first arrival velocity gradually approaches
the theoretical value. It can also be noticed that the sign of
acceleration response (i.e., the direction) of the first arrivals is
not constant and causes a discontinuity in the curve located at an
offset of about 1/4 thickness. This shift of sign explains the
momentarily high velocities of the IE type of analysis (Fig. 6b).

For Poisson's ratios 0.1 and 0.4, there are also other phase shifts
at greater distances from the source. These phase shifts are caused
by Lamb wave dispersion and generate extreme velocities in the
IE analysis. Therefore, the first arrival P-wave velocity was only
tracked until such an event occurred (Fig. 6b). The MASW/IE type
of analysis is not affected in the same way, and it presents a more
stable trend since it is based on an evaluation using multiple
traces. It is also observed that the results for both evaluation
methods are dependent on ν.

The above studied methods for determining the first arrival
P-wave velocity are time domain evaluations, as are normally
performed in practice. This type of analysis does not account for
the dispersion which is typical for Lamb waves (Fig. 4b). Therefore,
the dependency of frequency needed to be explored further.
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The plate model with ν¼0.2 was chosen for a study using different
pulses. The variation of the first arrival P-wave velocity as a function
of distance was studied for the low, mid-, and high-frequency pulses.
The surface normal acceleration responses of the low- and high-
frequency pulses are shown in Fig. 7a and b, respectively.

It can be seen that the response of the low-frequency pulse
(Fig. 7a) creates a larger zone with a slower first arrival velocity
compared to that of the high-frequency pulse (Fig. 7b). This is
consistent with the condition that a low-frequency pulse gener-
ates a response with a longer wavelength. The same type of

evaluations for the first arrival P-wave velocity based on the
MASW/IE and IE methods was performed for the different pulses.
The results are shown in Fig. 8a and b. It can be noticed that
variations in the estimated first arrival P-wave velocities are also
dependent on the frequency content of the exciting pulses.

4.2. Rayleigh wave velocity, S1-ZGV frequency

The variation in VR was studied for the plates with different
values of ν. The mid-frequency pulse was used to create the
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datasets. VR was estimated by tracking the convergence of the A0
and S0 modes of the datasets in the frequency–phase velocity
domain. This evaluation was made for different array lengths. The
array was extended by adding new traces as with the study of the
first arrival P-wave velocity. The extracted velocity is shown in
Fig. 9a. It can be observed that VR is underestimated close to the
source, i.e. when the array in the combined MASW/IE method is
short. Thereafter, the estimated velocity gradually increases and
converges with the theoretical velocity when the array lengthens.

The estimated velocity is dependent on ν. However, the main
behavior is generally the same for all values of ν. The observed
phenomena are in agreement with the results obtained by [26,28]
for VR in a half space. Roesset [26] showed analytically how the
phase velocity for the response at the surface increases with the
distance from the source in the case of a homogeneous half-space.
This slower phase velocity close to the source is related to the
variation in the interference between the bulk wave modes. For
the studied case shown in Fig. 9a, the near-field effect is likely to

Fig. 8. First arrival velocity: (a) MASW/IE, (b) IE.

Fig. 9. (a) Rayleigh-wave velocity. (b) S1-ZGV frequency.
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be even more complicated, since the geometry is a plate instead of
a half-space. Furthermore, the use of an array as well as the
frequency content of the impulse may also add additional com-
plexity to the problem. Therefore, the result shown in Fig. 9a
should not be interpreted exactly quantitatively but rather as a
general trend partly explaining the observed underestimated
thickness.

The S1-ZGV frequency was estimated using an offset summa-
tion technique [18]. This technique was used in the combined
MASW/IE analysis to enhance the S1-ZGV resonance frequency
peak [7]. The evaluation was made for different array lengths in
the same manner as with the evaluation of VR. The results from the
S1-ZGV frequency estimations are shown in Fig. 9b. These estima-
tions do not provide a completely constant value; instead, they
oscillate slightly. These minor variations were assumed to be
associated with uncertainties inherited from the nature of numer-
ical modelling and evaluations. However, in comparison with the
estimations of VP and VR, the estimations of f S1�ZGV can be
considered as accurate.

4.3. Thickness

The above demonstrated variations in the estimations of VP and
VR indicate that a systematic error is present using the MASW/IE or
the IE method. Thus, a systematic error is also present if the
thickness is calculated from the estimations of VP and VR.

An estimate of the thickness as a function of distance was
therefore calculated by combining the results in Figs. 6 and 9 from
the mid-frequency source (fc¼10 kHz). These calculations were
made using both the MASW/IE and IE techniques. In the MASW/IE
analysis, ν was calculated from ratio of the first arrival P-wave
velocity and the Rayleigh wave velocity. In this evaluation the first
arrival P-wave velocity was assumed to correspond to the theore-
tical velocity of VP. Thereafter, the thickness was calculated from
the constant value of the quantity fh=VS, as described in Section 2.
The IE analysis used values of the first arrival P-wave velocity from
Fig. 6b and a fixed value of the S1-ZGV frequency. This fixed value

was extracted from the frequency spectrum of one single trace at a
distance of 0.05 m from the source. The thickness was subse-
quently estimated using Eq. (1) with β¼0.96 to mimic a real case
evaluation where ν in general is not known beforehand. The
estimated thicknesses by the MASW/IE and the IE method are
shown in Fig. 10a and b, respectively.

For the MASW/IE analysis, ν was generally underestimated due
to the underestimated ratio between the first arrival P-wave
velocity and the Rayleigh wave velocity. Therefore, in the case of
the model with a ν¼0.1, it was not possible to estimate the
thickness since the Lamb wave equation only was solved for
values of ν from 0.10 to 0.45 (with increments of 0.01). This fixed
increment of 0.01 explains the discontinuities in the curves in
Fig. 10a. It can be observed that the MASW/IE type of method
underestimates the thickness (Fig. 10a). As the estimates of VP and
VR become more accurate, the estimated thickness subsequently
becomes more accurate. Similar results were obtained from
datasets with source frequencies fc¼5 kHz and fc¼15 kHz,
although they are not plotted here. It should also be noticed that
the alternative interpretation of the first arrival P-wave velocity as
VP�2D does not improve the results.

The estimated thickness from the IE method shows a more
fluctuating result with a higher relative error compared to the
MASW/IE analysis (Fig. 10b). The variation in the thickness
(Fig. 10b) follows the variation of the estimated value of VP

(Fig. 6b), since the values for β and fr were given a constant value
when Eq. (1) was evaluated. It can be observed that the IE method
for the case of this quite unrealistic value of ν¼0.4 overestimates
the thickness. This is due to the fixed value of β¼0.96. A more
suitable value would have been around 0.80 [9,17]. However, with
real case data, the value of ν typically is not known beforehand.
The analysis was therefore made with a fixed value of 0.96 for the
β factor.

In the standard IE velocity measurement of the first arrival
P-wave the estimated thickness is actually quite close to the true
value (within 4%) after r=h42. With this set-up the problematic
near field effect for a homogeneous plate is effectively minimized.

Fig. 10. Estimated thickness: (a) MASW/IE, (b) IE.
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For the studied plate and source frequency this result is valid for
all Poisson's ratios, except the quite unrealistic value of ν¼0.4 for
concrete.

5. Field case

The systematic error presented in Fig. 10 was further explored
by studying a real field case. The aim of this field study was to
investigate to which extent the near field effects could be observed
in a real practical case. Field data was obtained from a Portland
concrete cement plate cast on a granular base at The Advanced
Transportation Research and Engineering Laboratory (ATREL),
University of Illinois at Urbana-Champaign (UIUC). This plate is
at the same location as location 5 in [7]. In this point the thickness
was underestimated with all tested seismic techniques (4–13%).

Time-synchronized multichannel data were obtained using one
accelerometer and a hammer with a trigger connected to a DAQ
computer [34]. The accelerometer measured the surface normal
component of the acceleration response. Data were collected over a
distance of 1 m with an interval distance of 0.02 m between each
hammer impact. The data could therefore be used for a MASW/IE
and an IE analysis using the same evaluation techniques previously
described. A core sample was also extracted from the center of the
1 m long MASW/IE array. The thickness was measured to 0.337 m [7].

A plot of the data in time domain and frequency–phase velocity
domain can be seen in Fig. 11a and b, respectively. The locations of
the first arrivals are marked with black dots in Fig. 11a. The first
arrivals were identified at time points corresponding to the first
absolute value exceeding a threshold limit. This threshold limit
was set at 2:5� 10�3 of the maximum absolute value in each
individual trace. As in the synthetic case, the threshold limit was
reduced with an increasing radial distance.

The indirect plate parameters VP, VR, and f S1�ZGV were esti-
mated in the same way as with the synthetic dataset. Estimations
of the parameters were repeated using a different number of
signals from the dataset, i.e., for different lengths of the measuring

array. Thus, it was possible to create plots, similar to those
previously presented, for the variation of the parameters with
respect to the array length.

5.1. P-wave and Rayleigh wave velocity, S1-ZGV frequency

The variation of the first arrival P-wave velocity for the MASW/
IE analysis can be seen in Fig. 12a. Fig. 12b shows the variation of
the first arrival P-wave velocity using the IE type of measurement.

It can be observed that the first arrival P-wave velocity
increases with the array length or the location of the sensors. This
is the same general trend as with the synthetic case. The observed
low resolution in Fig. 12b is a consequence of the low sample rate
in the field data (dt¼ 5 μs) compared to the synthetic data case
(dt¼ 0:1 μs). Ideally, a higher sample rate with lower value than
dt¼ 5 μs should therefore be used.

It should be noted that a refracted P-wave can cause a similarly
increasing velocity with distance due to an increasing stiffness
within the concrete layer. In the analyzed test location, a velocity
gradient (VP¼4450 m/s, 4765 m/s, 4828 m/s, from top to bottom)
was actually observed by ultrasonic pulse velocity measurements
of different sections of the extracted core sample. Assuming a top
lower velocity layer with a thickness 0.05 m, a two-layer refraction
model analysis can be made. From this, it is possible to estimate
the radial distance for an appearance of a refracted P-wave [35]. It
was found that a higher velocity from refraction could be pre-
dicted at a distance starting from about 1.5 thicknesses. Thus, it
can be concluded that the material gradient cannot be the only
explanation of the slower velocity close to the source in Fig. 12.
Therefore, the consequence of the gradient in this case may act as
an additional contribution to an increasing velocity with distance.

The estimations of the Rayleigh wave velocity and the S1-ZGV
frequency are shown in Fig. 13a and b, respectively.

It can be seen in Fig. 13a that the Rayleigh wave velocity takes a
lower value close to the source. Regarding the S1-ZGV frequency in
Fig. 13b, a minor variation of the frequency is found. It was
assumed that the S1-ZGV frequency also in this case could be

Fig. 11. Field data: (a) time domain, (b) phase velocity–frequency domain.
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estimated with good accuracy. These observations for the Rayleigh
wave velocity and S1-ZGV frequency are in agreement with the
results obtained from the synthetic case.

Although the variations of the estimated parameters in Figs. 12
and 13 are not identical to the results from the synthetic dataset, it
is possible to identify a common general behavior. It can also be
observed that the estimated first arrival P-wave velocity shows the
largest relative variation of the estimated quantities. The Rayleigh
wave velocity shows the second largest relative variation, whereas
the estimation of the S1-ZGV frequency only shows a minor
relative variation. This result of the relative variation in the

estimated parameters is in agreement with the result from the
synthetic case.

5.2. Thickness

The estimations of VP, VR, and f S1�ZGV were then subsequently
used to calculate the variation in the corresponding estimated
thickness. This calculation was made for the MASW/IE and IE types
of methods, and followed the same procedure as for the synthetic
case. The variation of the estimated thickness for the MASW/IE
and IE types of methods can be seen in Fig. 14a and b, respectively.

Fig. 12. First arrival velocity: (a) MASW/IE, (b) IE.
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Fig. 14a shows that the MASW/IE analysis underestimates
the thickness, especially when the array length is short. For the
IE method in Fig. 14b, the thickness is underestimated in most
cases. The IE method also shows a more fluctuating result due to
the variation of VP. It should be noted that part of this fluctuation
originates from the relatively low sample rate. The general trend in
Fig. 14 agrees qualitatively with the synthetic data presented in
Fig. 10 within a distance of 3 thicknesses. It should be noted that
longer array lengths are often unsuitable in practice and not
desired since local plate properties are then smeared out. The
observed larger underestimation in the field case, compared with
the synthetic case, could be caused by the velocity gradient within
the layer [1].

6. Conclusions

Numerical results show that near field effects can cause a
systematic error in the estimation of thickness using a MASW/IE or
a conventional IE method. The major source of error in the
thickness estimations is related to the interpretation of the first
arrival as a pure P-wave velocity. Detailed numerical analyses close
to the point source reveal strong interference between the P-wave
and the Rayleigh wave in the near field. This results in a zone
where the first arrival velocity cannot be directly linked to the
theoretical P-wave velocity. Furthermore, the size of this zone
close to the point source is dependent on the plate properties and
the source frequency content. This near field effect leads to an
underestimated P-wave velocity from the picked first arrivals.
These results further verify the inherently difficult and question-
able task of estimating the P-wave velocity from first arrivals of
dispersive Lamb waves.

The Rayleigh wave is also affected by the near field effect. Close
to the point source, a lower value than the theoretical Rayleigh
wave velocity is observed.

The S1-ZGV frequency is in general estimated with good
accuracy.

The combined errors due to the near field effects create a
systematic error which underestimates the thickness. This predicted

systematic error of the estimated thickness from the MASW/IE and IE
methods is found to be about 5–15% depending on Poisson's ratio,
measurement set-up and source pulse. These findings are important
for future improvements of non-destructive methods, such as the
MASW/IE and IE methods.
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Abstract: Poisson’s ratio is estimated from the polarization of the
first symmetric zero-group velocity Lamb mode. This polarization is
interpreted as the ratio of the absolute amplitudes of the surface nor-
mal and surface in-plane components of the mode. Results from the
evaluation of simulated datasets indicate that the presented relation,
which links the polarization and Poisson’s ratio, can be extended to in-
corporate plates with material damping. Furthermore, the proposed
application of the polarization is demonstrated in a practical field
case, where an increased accuracy of estimated nominal thickness is
obtained.

PACS numbers: 43.20.Ks, 43.40.Dx, 43.40.At.

1. Introduction

The fascinating properties of zero-group velocity (ZGV) Lamb modes [1, 2] have been
demonstrated to be useful in several applications, such as measurements of acoustic
bulk wave velocities and Poisson’s ratio [3], thin-layer thickness [4], hollow cylinders
[5], interfacial bond stiffness [6], and possibly air-coupled measurements [7]. In this
study, we present a novel application of the amplitude ratio of the surface normal and
the surface in-plane components, and demonstrate how it can be used to estimate Pois-
son’s ratio. This investigation was carried out from the perspective of non-destructive
testing of concrete structures under one-sided access test conditions, but our observa-
tions are also valid for any material and structure for which Lamb wave theory is a
representative assumption.

The evaluation of the dynamic response to a transient impact is a common
technique for estimation of the thickness and/or mechanical properties of plate-like
concrete structures. This type of measurement technique, often referred to as an impact-
echo measurement [8], employs the ZGV resonance frequency of the first symmetric
(S1) Lamb mode [9]. To determine the thickness and/or mechanical properties, the
frequency of the S1-ZGV mode must be complemented with two additional parame-
ters, e.g. transverse wave speed and Poisson’s ratio [10]. Combined impact-echo and
surface wave measurements [11], where Poisson’s ratio typically is determined from
the longitudinal wave and the Rayleigh wave velocity [12], can be used to obtain these
two additional parameters. However, systematic errors from near-field effects and ve-
locity variation through the thickness can lead to an uncertain estimation of Poisson’s
ratio [11].

Alternative approaches that do not depend on an estimation of the longitu-
dinal wave velocity are therefore important for accurate estimation of Poisson’s ratio.
One alternative strategy is to use the ratio between the S1-ZGV frequency and the min-
imum frequency of the second anti-symmetric Lamb mode [3]. This approach has been
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demonstrated successfully for several thin homogenous metal plates [3], but only a
few measurements have been reported for concrete plates [13].

To date, there is a lack of techniques that are independent of longitudinal wave
velocity and that can accurately determine Poisson’s ratio for concrete plates with only
one accessible side. An interesting alternative is based on the polarization of Rayleigh
waves [14]. Inspired by this idea of using polarization to estimate Poisson’s ratio, here
we propose and explore a new approach for estimating Poisson’s ratio based on the
polarization and shape of the S1-ZGV Lamb mode. An advantage of this new approach
is that a through-thickness representative estimation of Poisson’s ratio is obtained, since
the S1-ZGV mode exists through the entire thickness of the plate.

This study is divided into three parts. We first present the theoretical founda-
tion for this approach. We then verify the presented approach using a set of numerical
simulations. Finally, we demonstrate the utility of this approach in a realistic field case.

2. Amplitude polarization of Lamb mode

According to Lamb wave theory, which defines linear elastic wave propagation along
isotropic infinite plates, the possible combinations of angular frequencies ω and lateral
wave numbers k that can exist in a free plate with a height h is defined by [10]:

tan(βh/2)

tan(αh/2)
= −

[
4αβk2

(k2 − β2)2

]±1

(1)

where
α2 = ω2/V 2

L − k2

β2 = ω2/V 2
T − k2

VL and VT are the longitudinal and transversal wave velocities, respectively. The posi-
tive sign of the exponent on the right side of Eq. (1) defines symmetric modes, whereas
the negative sign defines anti-symmetric modes. The wave number k can be used to
determine the displacement field of the plate. The amplitude for the displacement at
the free surface for the surface in-plane U and surface normal W directions are given
by [10]:

U = ck

(
1

tanh(qh/2)
− 2qs

k2 + s2
· 1

tanh(sh/2)

)
(2)

W = −cq

(
1− 2k2

k2 + s2

)
(3)

where c is an arbitrary multiplicative constant. The parameters q and s are calculated
according to:

q =
√
k2 − k2L , s =

√
k2 − k2T

where kL and kT are the longitudinal and transversal wave number, respectively.
Equation (1) was used to find the frequencies ω and wave numbers k of the

S1-ZGV points corresponding to each value of Poisson’s ratio ν in the range 0.1 to 0.4,
with increments of 0.01. Variations in |U | and |W | as a function of ν are shown in
Fig. 1(a). The arbitrary constant c, in this case the scaling of the curves, is selected
to yield an amplitude of 1 for |W | at ν = 0.1. Fig. 1(b) displays the variation of the
absolute ratio |W/U | as a function of ν. This dimensionless quantity, which can be
interpreted as the polarization of the S1-ZGV Lamb mode, is only dependent on ν, thus
providing an opportunity to estimate ν if the polarization is measured. This relation is
critical to the proposed approach.
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Fig. 1. (a) Absolute values of amplitudes components of S1-ZGV mode. (b) Polar-
ization of S1-ZGV mode.

3. Numerical modeling

The relation in Fig. 1(b) is calculated without including material damping. However,
in many practical applications such as measurements of concrete structures, material
damping is present; from a theoretical point of view, true ZGV Lamb modes are in these
cases strictly not defined [15]. For this reason, practical measurements were simulated
to investigate whether the polarization relation in Fig. 1(b) can be used to estimate
ν even though material damping is present. For simplicity, we hereafter use the S1-
ZGV abbreviation to refer to the first thickness resonance of the plate, although, as
mentioned previously, no true ZGV modes are strictly defined for absorbing plates.

An axially symmetric finite-element model was created with unit values for
the thickness h = 1m, Young’s modulus E = 1Pa, and density ρ = 1kg/m3. Note that
the analysis results of the simulations are independent of the exact values of h, E, ρ.
Poisson’s ratio was varied from 0.1 to 0.4, with increments of 0.01, and the loss factor
η was varied from 0 to 0.05, with increments of 0.01. A short line load starting at
the axial symmetric axis and with a length of 0.02h was applied at the top surface to
simulate an applied point load. Since the S1-ZGV frequency is dependent on ν, the
center frequency of the load (Gaussian mono pulse) was set equal to the theoretical
S1-ZGV frequency for the corresponding plate without material damping. The model
was solved in the frequency domain using a frequency-dependent mesh and absorbing
region [16]. The time domain response was obtained from the inverse discrete Fourier
transform of the frequency domain response.

Synthetic datasets were created for all combinations of varying ν and η. Fig-
ure 2(a) contains the dataset for ν = 0.1 and η = 0.01. In this plot, the normalized time
history (y axis) of the surface in-plane acceleration response is shown for various nor-
malized radial offset locations r/h (x axis) at the top accessible surface. Each dataset
consisted of 10 signals per length h within a radial distance of 4h from the axial sym-
metry axis. Similar to field measurements employing an impact point source, the broad
frequency spectrum of the Gaussian mono pulse excites several Lamb modes. To reduce
the influence from direct surface waves and enhance low group velocity modes (e.g.
S1-ZGV), all signals were individually multiplied with a Tukey window. Figure 2(b)
shows the amplitude of the window as function of time. The raw signals along with
the windowed signals are shown in Fig. 2(a).

The mode shape at the S1-ZGV frequency was extracted using a temporal dis-
crete Fourier transform of the windowed dataset. Figure 2(c) shows the absolute am-
plitude of the extracted mode at the S1-ZGV frequency for the surface in-plane and
surface normal components as a function of the normalized radial distance r/h for
the dataset with ν = 0.1 and η = 0.01. Since the surface in-plane and surface normal
components are not in phase, the polarization cannot be determined from two point-
wise amplitudes at a fixed radial offset from Fig. 2(c) in a straightforward fashion.
Instead, the spatial periodicity and amplitude for the total mode is used for simplicity
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and robustness. For straight crested Lamb waves, the spatial periodicity is defined by
the exponential function. However, in this case, Hankel functions are used to account
for cylindrical spreading from a point source [17]. Accordingly, the analytical expres-
sions for the absolute amplitude of the S1-ZGV mode shape as function of amplitudes
U , W , wave number k, and radial distance r take the form:

A(U, k, r) =
∣∣∣�(

|U |H(1)
1 (kr) ei arg(k)

)∣∣∣ (4)

B(W,k, r) =
∣∣∣�(

|W |H(1)
0 (kr)

)∣∣∣ (5)

where A and B represent the surface in-plane and surface normal components, respec-
tively. H(1)

1 and H
(1)
0 are the first and zeroth-order Hankel functions of the first kind,

respectively. We allow k to be complex-valued to account for material damping. The
exponential term ei arg(k) in Eq. 4 is introduced to maintain zero displacement at the
axial symmetry axis (r = 0) when k is complex.

The absolute amplitudes |U |, |W | and wave number k for the S1-ZGV mode
of the simulated plate were estimated by searching for the best match between the
analytic expressions in Eq. 4-5 and the extracted mode shape (markers in Fig. 2(c)).
This search was carried out by minimizing the objective function:

f(U,W, k, r) =
N∑
i=1

(
(ai −Ai)

2

|U | +
(bi −Bi)

2

|W |
)

(6)

where ai and bi are the absolute amplitudes of the surface in-plane and surface nor-
mal components of the extracted mode, respectively (markers in Fig. 2(c)). The index
i = 1, 2, ...N labels the simulated signals, where i = 1 represents the signal nearest
the impact point. Ai and Bi represents the functions from Eq. 4-5 calculated at the
radial offset r = ri, i.e. Ai = A(U, k, r = ri) and Bi = B(W,k, r = ri). The function
f was minimized by means of unconstrained nonlinear optimization using the fmin-
search function available in MATLAB®. Good agreement was obtained between the
best solution to the minimization problem and the extracted mode (Fig. 2(c)). The po-
larization was determined using |W | and |U | from this solution. This analysis, which
enables the estimation of polarization, was repeated for each dataset (i.e. the simu-
lated response to an impact pulse for the plate with varying combinations of ν and η).
Figure 2(d) contains the estimated values of polarization for all datasets as well as the
analytical relation (from Fig. 1(b)) calculated for lossless material. Good agreement
exists between the analytical expression for the polarization and the simulated results.
Note that the results from simulations that included material damping also match the
analytical expression. Hence, the proposed approach is likely applicable to plates with
material damping.

4. Field case

The proposed approach was tested on a concrete wall with a nominal thickness of 0.450
m. A three-component accelerometer attached to a fixed position on the wall was used
to measure the response from hammer strokes performed at increasing offsets from
the accelerometer. The input force from each stroke was also recorded. By using the
reciprocity theorem for a linear elastic system, a multichannel dataset was obtained
[11]. This dataset is of the same type as the simulated datasets in Section 3 and was
processed in a similar way: a Tukey window was applied in the time domain, and then
the absolute amplitude of the transfer function between the source and the receiver at
the S1-ZGV frequency was extracted (Fig. 3(a)). The objective function f from Eq. 6
was minimized using the same technique as in Section 3. Figure 3(a) illustrates the
matched functions A and B.
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Fig. 2. (Color online) (a) Simulated multichannel dataset (surface in-plane compo-
nent, ν = 0.1, η = 0.01). (b) Tukey-window amplitude. (c) Absolute amplitude of
extracted S1-ZGV mode (markers) and best solution (lines). (d) Estimated polar-
ization (markers) and theoretical relation for lossless plates (solid line).

The polarization |W/U | was estimated as 1.09, yielding ν = 0.24. Unfortu-
nately, no exact value of ν is accessible for comparison. However, the estimation of ν
can be verified indirectly to a certain extent from the nominal thickness of the wall
h = 0.450m. Estimation of the Rayleigh wave velocity (2430 m/s) from the raw signals
displayed in frequency-phase velocity domain (Fig. 3(b)), the S1-ZGV frequency (4810
Hz) from the frequency spectrum of the windowed signal nearest the impact point
(Fig. 3(c)), and Poisson’s ratio (0.24) theoretically corresponds to a thickness of 0.447
m, which is within 1% error of the nominal thickness. The traditional approach [11]
using the longitudinal wave velocity (4295 m/s) and Rayleigh wave velocity (2430
m/s), i.e. ν = 0.18, theoretically corresponds to a thickness of 0.425, which is within
6% error of the nominal thickness. Thus, in this field case, our proposed approach pro-
vides a reasonable estimate of ν and an increased accuracy of the estimated nominal
thickness, compared with the traditional approach.

5. Conclusions

Here we have presented a new approach to estimating Poisson’s ratio from the am-
plitude polarization of the S1-ZGV Lamb mode. Numerical simulations demonstrated
that this approach is also applicable to plates with material damping. A field-case ex-
ample illustrated a benefit of this approach: a through-thickness representative value
for Poisson’s ratio is obtained via this strategy, thereby improving the overall estimation
of plate parameters under one-sided access test conditions.
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